Abstract. A description of the event horizon of a perturbed Schwarzschild black hole is provided in terms of the intrinsic and extrinsic geometries of the null hypersurface. This description relies on a Gauss-Codazzi theory of null hypersurfaces embedded in spacetime, which extends the standard theory of spacelike and timelike hypersurfaces involving the first and second fundamental forms. We show that the intrinsic geometry of the event horizon is invariant under a reparameterization of the null generators, and that the extrinsic geometry depends on the parameterization. Stated differently, we show that while the extrinsic geometry depends on the choice of gauge, the intrinsic geometry is gauge invariant. We apply the formalism to solutions to the vacuum field equations that describe a tidally deformed black hole. In a first instance we consider a slowly-varying, quadrupolar tidal field imposed on the black hole, and in a second instance we examine the tide raised during a close parabolic encounter between the black hole and a small orbiting body.
Introduction
The tidal dynamics of inspiralling compact binaries (involving neutron stars and/or black holes) has been the subject of vigourous investigation in the last several years, motived by the exciting prospect of measuring tidal signatures in the gravitational waves emitted by such systems. Some of this work has focused on calculating the influence of the tidal coupling on the gravitational waves, and estimating the accuracy with which the tidal deformation of each body can be measured [1, 2, 3, 4, 5] . Some has focused on calculating the tidal deformation of neutron stars in the post-Newtonian approximation to general relativity [6, 7, 8] and in the full theory [4, 9, 10] . And some has focused on the tidal deformation of nonrotating black holes [11, 12, 13, 14, 15] .
An issue that is central to all these investigations is the dependence of adopted measures of tidal deformation on the coordinates employed to describe the spacetime geometry. In the case of neutron stars, the coordinate independence of the relativistic Love numbers which measure the tidal deformation of the body's external gravitational field was firmly established by Damour and Nagar [9] and Binnington and Poisson [10] . In the case of nonrotating black holes, however, these gauge-invariant Love numbers were shown to vanish [10] , and the identification of nonvanishing, coordinateindependent measures of tidal deformation has remained an open problem. For example, Poisson and Vlasov [15] rely on light-cone coordinates to describe the geometry of a deformed black hole, while Damour and Lecian [14] rely on Weyl coordinates in a context of stationary and axisymmetric tides. Our main objective with this paper is to remedy this situation by providing a complete description of the intrinsic and extrinsic geometries of a tidally deformed event horizon, and fully clarifying the coordinate dependence of all horizon quantities. In particular, we introduce meaningful and practical measures of the tidal deformation of an event horizon.
The central assumptions in our work are that the unperturbed black hole is nonrotating and described by the Schwarzschild solution to the Einstein field equations, and that the tidal deformation is sufficiently small that it can be described accurately to first order in a perturbative treatment. Otherwise our formulation is completely general: the tide can be either static, slowly varying, or fully dynamical, and there is no requirement that it be axisymmetric. Our description of a tidally deformed event horizon relies on two major theoretical foundations. The first is a Gauss-Codazzi theory of null hypersurfaces embedded in spacetime, an extension of the standard theory of (spacelike and timelike) hypersurfaces formulated in terms of first and second fundamental forms. This material is developed here ab initio, in spite of the fact that similar formalisms are extant in the literature (for example, in Refs. [16, 17, 18] ); our version is presented in a form directly suited to our application to perturbed event horizons. The second foundation is a covariant and gauge-invariant formulation of black-hole perturbation theory, as summarized in the work of Martel and Poisson [19] .
Our description of a null hypersurface embedded in spacetime is tied to its generators, the congruence of null geodesics that trace the hypersurface. We label each generator with two comoving coordinates α A = (α, β) (with the index A running over the values 2 and 3), and we let λ be a running parameter on each generator. The hypersurface is charted with the intrinsic coordinates (λ, α A ), and its (degenerate) intrinsic geometry is fully characterized by the explicitly two-dimensional metric γ AB , the analogue of the first fundamental form of a (spacelike or timelike) hypersurface. The extrinsic geometry, on the other hand, is characterized by a scalar κ (a generalization of the black hole's surface gravity), a vector ω A , and a tensor K AB ; these are analogous to the second fundamental form of a (spacelike or timelike) hypersurface. We examine how these quantities transform under reparameterizations λ →λ(λ, α A ) of the generators, and show that while the extrinsic geometry of the null hypersurface depends on the parameterization, the intrinsic geometry is independent of the parameterization. When applied to an event horizon, this observation becomes one of the central results of this paper: the intrinsic geometry of a black-hole horizon is invariant under a reparameterization of the horizon's null generators. This statement implies that any measure of tidal deformation that derives from the induced metric γ AB is necessarily invariant under reparameterizations.
This result can be restated in terms of gauge transformations, small deformations x α → x α +f α of the coordinates employed in the unperturbed spacetime. With regards to transformations of the spacetime coordinates x α , the horizon quantities γ AB , κ, ω A , and K AB are a collection of scalar fields expressed entirely in terms of the hypersurface coordinates (λ, α A ). As such they are independent of the spacetime coordinates, and therefore immune to gauge transformations. As a matter of principle, therefore, all horizon quantities are gauge-invariant quantities. The situation, however, is made more subtle by a matter of practice, our identification of the generator parameter λ with the advanced-time coordinate v of the underlying spacetime. With this identification, a transformation of the spacetime coordinates is necessarily associated with a reparameterization of the null generators, and the horizon quantities acquire a gauge dependence that is inherited from their dependence on reparameterizations. In this context, the results summarized in the preceding paragraph can be stated as follows: While the extrinsic geometry of a perturbed event horizon depends on the choice of gauge, the intrinsic geometry is gauge-invariant.
Our Gauss-Codazzi theory of null hypersurfaces is developed in Sec. 2. In Sec. 3 we examine a nonrotating black hole deformed by an arbitrary distribution of matter, describe its geometry in terms of a perturbed Schwarzschild metric, and compute the horizon quantities γ AB , κ, ω A , and K AB to first order in perturbation theory. In Sec. 4 we specialize our results to tidal deformations produced by a remote distribution of matter. Adopting a specific choice of gauge (the "Killing gauge"), we involve the vacuum field equations near the horizon to express the horizon quantities in terms of the well-known master functions Ψ even (the Zerilli-Moncrief function) and Ψ odd (the Cunningham-Price-Moncrief function) of black-hole perturbation theory. In Sec. 5 we consider two applications of our formalism, the first involving a slowlyvarying, quadrupolar tidal field imposed on the black hole, the second involving a close parabolic encounter between the black hole and a small orbiting body. An appendix (Appendix A) contains mathematical developments regarding the late-time behaviour of the horizon quantities.
Differential geometry of null hypersurfaces
To guide the development of a theory of perturbed event horizons it is helpful to formulate a differential geometry of embedded null hypersurfaces. The main goal is to arrive at a set of Gauss-Codazzi equations that apply to the null case instead of being restricted to usual cases of timelike or spacelike hypersurfaces. The developments of this section rely on material presented in Secs. 3.1 and 3.11 of Ref. [20] .
Generators, vector basis, and intrinsic coordinates
A null hypersurface is generated by a congruence of null geodesics that are described by the parametric equations x α = x α (λ, α A ), in which λ is a running parameter on each generator, and α A = (α, β) are generator labels that stay constant on each generator; uppercase latin indices such as A run from 2 to 3. The null vector field
is tangent to the congruence of null generators, and
are spacelike displacements vectors that point from one generator to another. These are orthogonal to k α , k α e α A = 0, and their mutual inner products are
3)
The definitions imply that the vectors satisfy the Lie-transport equations in which a semicolon indicates covariant differentiation in spacetime, with a connection compatible with g αβ . The basis is completed with a second null vector N α that cuts across the hypersurface; its normalization is chosen so that N α k α = −1, and the vector is also required to satisfy N α e α A = 0. We select (λ, α A ) as intrinsic coordinates on the hypersurface. In the spacetime coordinates a displacement within the hypersurface is described by dx
A , and the intrinsic line element is
This shows that γ AB (λ, α A ) acts as a metric on the hypersurface. In this generatoradapted coordinate system, the degenerate metric is explicitly two-dimensional. We let γ AB denote the matrix inverse to γ AB , and we let Γ C AB be the connection compatible with the two-dimensional metric; the associated covariant-derivative operator is denoted ∇ A . We use γ AB and its inverse to lower and raise uppercase latin indices.
Gauss-Weingarten equations
The tangent vector fields admit the following set of Gauss-Weingarten equations:
These equations define κ, ω A , B AB , K AB , and Γ
10)
11) 
It is customary to decompose B AB into irreducible components, 15) with the trace term Θ := γ AB B AB representing the rate of expansion of the congruence of null generators, and the tracefree term σ AB := B AB − 1 2 Θγ AB representing the rate of shear. A similar decomposition could also be introduced for K AB .
The Gauss-Weingarten equations also imply that
(2.17)
These equations govern the behaviour of the transverse vector on the hypersurface.
Gauss-Codazzi equations
It is straightforward, following the methods described in Sec. 3.5 of Ref. [21] , to derive from Eqs. (2.6)-(2.8) a set of Gauss-Codazzi equations which express projections of the spacetime Riemann tensor in terms of geometric quantities defined on the null hypersurface. We have
20)
where R is the Ricci scalar associated with the two-dimensional metric γ AB . To arrive at these equations we used the fact that the Riemann tensor on a two-dimensional metric space can always be expressed as
. We also relied on the identity γ CD ∂ λ Γ D AB = ∇ A B BC + ∇ B B AC − ∇ C B AB , which can be derived on the basis of Eq. (2.14).
Insertion of the Gauss-Codazzi equations within the identity
produces the following components of the Ricci tensor: 29) with T αβ k α k β representing the flux of matter across the null hypersurface. And by extracting the tracefree piece of Eq. (2.21) we obtain an analogous equation for the shear tensor,
where
are components of the Weyl tensor.
Reparameterizations
The geometric quantities γ AB , B AB , κ, ω A , and K AB all refer to a selected parameterization (λ, α A ) of the null generators. We first examine how these quantities change under a reparameterization of the form
which represents an independent change of parameter on each generator. The differential form of the transformation is expressed as These are functions of (λ, α A ) on the hypersurface, and the notation was chosen so as to simplify our expressions below. The inverse transformation is dλ = e β dλ + c A dα A . As we saw previously, a displacement on the hypersurface is described by
A , but the reparameterization brings this to the new form
These vectors have the same interpretation as the old vectors:k α is still tangent to the congruence of null generators, but is renormalized so as to reflect the new parameterization, andē α A still points from generator to generator. It is easy to show that the new transverse vector must be given bȳ 
The term c B ∂ λ c A + ∇ B c A in the last equation is not manifestly symmetric in the pair of indices AB. With the definitions of Eqs. (2.33), however, we find that this can be expressed in the form
which reveals the required symmetry. An additional change produced by the reparameterization isΓ
In the case of infinitesimal transformations described byλ = λ + δλ(λ, α A ), the partial derivatives are captured by δβ := −∂ λ δλ and δc A := −∂ A δλ, and the transformations of Eqs. (2.36)-(2.40) simplify. For the purposes of an application of the formalism presented below, we assume that the geometric quantities can be expressed as
where the "background quantities" γ 0 AB , κ 0 , and K 0 AB are assumed to be λ-independent, and where δγ AB , δB AB , δκ, δω A , and δK AB are λ-dependent "perturbations." In this restricted context the transformations reduce to
In the last equation the covariant derivative ∇ B is evaluated with a connection compatible with the background metric γ 0 AB . We next examine the possibility of transforming the generator labels. A general transformation of the form
is excluded, because the dependence upon λ would imply thatᾱ
A is not constant on each generator, in violation of its defining property. The remaining freedom is a rigid transformation of the form α A →ᾱ A (α B ), upon which scalars such as κ remain invariant, while tensors such as ω A and γ AB transform in the usual way. In particular, for infinitesimal transformations of the formᾱ A = α A + δα A , the metric tensor transforms as
where ∇ A refers to γ AB , and δα A = γ AB δα B . In this formulation the original metric is expressed as a function of the new coordinates (instead of the original coordinates), and the transformation takes the standard appearance of a gauge transformation.
Deformed black hole
We consider a nonrotating black hole perturbed by a distribution of matter. The perturbation is sufficiently small that we can describe it within linearized perturbation theory, and to achieve this we rely on the formulation of the theory provided in Ref. [19] . The matter is either flowing across the event horizon, in which case the perturbation is sourced by matter, or it is situated outside the black hole's immediate neighborhood, in which case the perturbation is in vacuum and describes a tidal deformation of the black hole.
Spacetime metric
The metric of the unperturbed spacetime is Schwarzschild's solution expressed in Eddington-Finkelstein coordinates,
with f := 1 − 2M/r. We let x a = (v, r) and θ A = (θ, φ). The metric on the unit twosphere is Ω AB dθ A dθ B = dθ 2 + sin 2 θ dφ 2 , and its inverse is denoted Ω AB ; covariant differentiation compatible with Ω AB is denoted D A .
The metric perturbation is denoted p αβ , and it is decomposed in tensorial spherical harmonics (as defined in Ref. [19] ). In the even-parity sector we have
In the odd-parity sector we have p ab = 0, (3.5)
, with ε AB denoting the Levi-Civita tensor (with component ε θφ = sin θ) on the unit two-sphere. The tensorial harmonics Y AB and X AB are both symmetric and tracefree. The spherical-harmonic labels m are suppressed, and so is summation over these labels. The complete metric of the perturbed spacetime is g αβ = g 0 αβ + p αβ . Under an even-parity gauge transformation generated by the vector field f a = η a (v, r)Y and f A = r 2 η even (v, r)Y A , the perturbation fields change according to
∆h rr = −2∂ r η r , (3.10)
Under an odd-parity gauge transformation generated by the vector field f a = 0 and f A = r 2 η odd (v, r)X A , the perturbation fields change according to
These transformations will play a role in the forthcoming developments.
Deformed horizon
The description of the deformed horizon relies on the geometrical methods reviewed in Sec. 2. The event horizon is traced by its null generators, which are identified by constant labels α A = (α, β); we use λ ≡ v as a running parameter on each generator, and (v, α A ) forms a system of intrinsic coordinates on the horizon. The parametric equations that describe the horizon's position in the unperturbed spacetime are v = v, r = 2M , and θ A = α A . In the perturbed spacetime we have instead
where 2M B and Ξ A are the components of a Lagrangian displacement vector. This vector takes the horizon point identified by (v, α A ) in the original spacetime to a point also identified by (v, α A ) in the perturbed spacetime. We express the displacement fields as 19) in which Ω AB is expressed in terms of the intrinsic coordinates α A . As previously we suppress the m labels, as well as summation over these labels.
The parametric equations (3.18) allow us to calculate the basis vectors
In this section we place brackets around a basis index (which refers to the intrinsic coordinates α A ) to distinguish it from a coordinate index (which refers to the spacetime coordinates θ A ). Explicitly, 23) in which an overdot indicates differentiation with respect to v, and
The null condition k α k α = 0 gives rise to the first horizon equation, 25) and the conditions k α e α (A) = 0 give rise to a second set of horizon equations,
These equations, along with appropriate choices of boundary conditions, fully determine the description of the deformed horizon. The basis can be completed with a transverse vector N α that satisfies the relations N α N α = 0, N α k α = −1, and N α e α (A) = 0. A simple computation reveals that the components of this vector are given by
28)
where all perturbation fields are evaluated at r = 2M . The covariant components of the vector are N v = −1, N r = − 1 2 h rr Y , and N A = 0. To identify the correct solutions to the horizon equations we imagine first an artificial situation in which the perturbation is switched off at times larger than v 1 . The spacetime for v > v 1 is described by the Schwarzschild metric, and for these times the event horizon is correctly identified with the hypersurface r = 2M . To locate the event horizon at times v < v 1 we must smoothly extend r = 2M backwards in time, to a null hypersurface in the perturbed spacetime. This surface is described by Eq. (3.18), with b(v) restricted to vanish for v > v 1 . The appropriate solution to Eq. (3.25) is therefore
where κ 0 := (4M ) −1 is the surface gravity of the unperturbed black hole. The upper limit of integration was extended to v = ∞ because, by the stated assumptions on the perturbation, h vv is zero in the interval v 1 < v < ∞. At this stage, however, the artifice can be removed and Eq. (3.31) be adopted as the appropriate solution to Eq. (3.25) even when the perturbation does not switch off at v = v 1 . The perturbation must still fall off sufficiently fast that the integral converges, and under these conditions b(v) will approach zero as v → ∞. Because Eq. (3.31) reflects a choice of final condition, it is known as a teleological solution to the horizon equation.
The teleological solutions to Eqs. (3.26) and (3.27) are
The behaviour of the horizon generators in the perturbed spacetime is now completely determined. The solutions to the horizon equations imply that in general, the event horizon leads the perturbation by a time interval of order κ
Horizon's intrinsic geometry
As described in Sec. 2, the intrinsic geometry of the event horizon is characterized by the induced metric γ AB , which is expressed in the intrinsic coordinates (v, α A ) attached to the null generators. According to Eq. (2.14), the v-derivative of the induced metric satisfies 3). The computation must account for the fact that while the spacetime metric is expressed in terms of the coordinates (v, r, θ A ), the horizon metric will be expressed in terms of the intrinsic coordinates (v, α A ). A piece of the computation that requires some care involves Ω AB (θ A ), which must be written as Ω AB (α A + Ξ A ) = Ω AB + Ξ C ∂ C Ω AB , with the right-hand side expressed in terms of α A . With this accounted for, we find that the horizon metric is 
The square root of the metric determinant is given by √ γ = (2M ) 2 sin α(1 + γ trace Y ), with α denoting the intrinsic polar angle on the horizon.
It follows from these equations that the expansion scalar is
while the shear tensor is
The expressions forγ trace ,γ even , andγ odd can be simplified with the help of Eqs. (3.25)-(3.27). We obtaiṅ
The Ricci curvature associated with the metric of Eq. (3.36) is given by
This indicates that the metric's geometrical information is contained within γ trace + 1 2 ( + 1)γ even = 2b + K + 1 2 ( + 1)G; the remaining information is entirely about the choice of intrinsic coordinates, in particular, the fact that they are attached to the horizon's null generators. To flesh out this last point we recall that, according to the discussion near the end of Sec. 2.4, the freedom to change the generator labels α A is limited to a v-independent rotation of the form α A →ᾱ A (α B ). For infinitesimal changesᾱ A = α A + δα A the transformation is described by Eq. (2.52). If we choose
where ζ even and ζ odd are constants, we find that γ trace , γ even , and γ odd change according to
We observe that the combination γ trace + 1 2 ( + 1)γ even is unaffected by the transformation, which confirms its role as carrier of geometric information. At any given time (but at only one such time), ζ even and ζ odd can be chosen so as as to make γ even and γ odd vanish. At this time, say v = v 0 , we have that the horizon metric is given by 
At other times v = v 0 , the tracefree terms proportional to Y AB and X AB will no longer vanish, and the metric will return to its general form of Eq. (3.36).
Horizon's extrinsic geometry
The horizon's extrinsic geometry is characterized by κ, ω A , and K AB , as defined by Eqs. (2.6)-(2.8). Computation reveals that
where κ 0 = (4M ) −1 is the unperturbed surface gravity, and
We also get
with
55)
And finally, we get
58)
59)
In these expressions, all perturbation fields and their derivatives are evaluated at r = 2M , and all spherical harmonics are expressed as functions of α A . We note that the computation of K AB requires the same level of care as the previous computation of γ AB : the unperturbed expression −rΩ AB must be evaluated at r = 2M (1 + B) and θ A = α A + Ξ A and combined with the terms that arise from the metric perturbation.
Gauge transformations
We next work out how the various horizon quantities introduced previously are affected by a gauge transformation of the form These results imply that γ AB , Θ, and σ AB are all gauge invariant, and we conclude that the horizon's intrinsic geometry is gauge invariant. This is not a surprising conclusion. The intrinsic metric is a collection of scalar fields with regards to transformations of the spacetime coordinates x α , and it is expressed entirely in terms of the intrinsic coordinates (λ, α A ). As such it is as a matter of principle immune to a gauge transformation. The fact that λ is identified with the spacetime coordinate v adds a small complication to this argument, because γ AB could in principle be sensitive to a change in v. The identification associates a gauge transformation on v to a reparameterization of the generators, as was described in Sec. 2.4. But γ 0 AB = (2M )
2 Ω AB , the induced metric on the unperturbed horizon, is independent of v, and the results displayed in Eqs. (2.47)-(2.51) reveal that an infinitesimal reparameterization has no effect on δγ AB , the metric perturbation. The conclusion, therefore, remains valid regardless of the identification λ ≡ v. As an additional remark, we recall that the invariance of γ AB under general (large) reparameterizations was established in Eqs. (2.36)-(2.40).
On the other hand, the quantities associated with the horizon's extrinsic geometry change according to In the even-parity sector, the changes in the extrinsic geometry are all associated with η r (v, 2M ) = η v (v, 2M ), which describes a change in v; there are no changes in the odd-parity sector. As before we can observe that since κ, ω A , and K AB are all spacetime scalars expressed entirely in terms of the intrinsic coordinates, they should all be immune to a gauge transformation. It is easy to identify four linearly-independent quantities, formed from k, ω even , K trace , and K even , that are invariant under infinitesimal reparameterizations. We choose
73)
74)
The first three combinations can be shown to be pieces of the spacetime Riemann tensor evaluated on the deformed horizon. Indeed, inserting the results obtained in Sec. 3.4 within Eq. (2.18) yields
It is easy to show that the left-hand side is invariant under infinitesimal reparameterizations, and this guarantees that ψ 1 and ω odd also must be invariant. Similarly, we find from Eq. (2.28) that
invariance of R αβ e α A e β B and γ AB under infinitesimal parameterizations guarantees that ψ 2 and ψ 3 also must be invariant. The fourth quantity, ψ 4 , does not appear to be related in a similar way to a piece of the spacetime Riemann tensor.
Tidal deformations
The formalism developed in the preceding section is very general, and it can accommodate black-hole deformations created by matter flowing across the event horizon, or by matter situated outside the black hole's immediate neighbourhood. The formalism is also general relative to the choice of gauge, because the relations between the horizon quantities (such as γ trace , γ even , γ odd , k, ω even , ω odd , K trace , K even , and K odd ) and the metric perturbation are valid in any gauge. How the horizon quantities change under gauge transformations (or better stated, reparameterizations of the horizon's null generators) was described in Sec. 3.5.
In this section we specialize the situation to a tidal deformation of a black hole created by a remote distribution of matter. We incorporate the vacuum field equations into our analysis to relate the horizon quantities to the well-known master functions Ψ even and Ψ odd of black-hole perturbation theory (defined below). We next introduce a geometric notion of tidal displacement on the event horizon, and describe how the tidal bulge is related to the applied tidal field.
Master functions
Gauge-invariant definitions of the master functions were provided in Ref. [19] . In the even-parity sector, Ψ even is the Zerilli-Moncrief function [22, 23] defined by
where λ := ( + 1) = µ + 2, µ := ( − 1)( + 2) = λ − 2, and whereh ab :
a ε a /r, with ε a := j a − 1 2 r 2 ∇ a G, are gaugeinvariant combinations of metric perturbations. We use the notation r a := ∂r/∂x a , ∇ a is the covariant-derivative operator compatible with the two-dimensional metric g 0 ab dx a dx b = −f dv 2 + 2 dvdr, and as usual the spherical-harmonic labels m are omitted. The Zerilli-Moncrief function is known to satisfy the Zerilli equation [22] , which is a two-dimensional wave equation with an effective potential and a source term constructed from the energy-momentum tensor of the matter distribution.
In the odd-parity sector, Ψ odd is the Cunningham-Price-Moncrief function [24, 25] defined by
where ε ab is the Levi-Civita tensor on the two-dimensional manifold with metric g 0 ab , andh a := h a − 1 2 ∇ a h 2 + r a h 2 /r is a gauge-invariant combination of metric perturbations. The master function is known to satisfy the Regge-Wheeler equation [26] , another two-dimensional wave equation with an effective potential and a source term. The Regge-Wheeler equation is also satisfied by another choice of master function, the original Regge-Wheeler function [26] ; in vacuum this is equal to half the time derivative of the Cunningham-Price-Moncrief function.
Killing gauge
To relate the horizon quantities to Ψ even and Ψ odd it is convenient to adopt a "Killing gauge" defined by
where t α is the timelike Killing vector of the Schwarzschild spacetime. In the coordinates (v, r, θ, φ) we have that t α = (1, 0, 0, 0), and the gauge conditions translate to
in the even-parity sector, and
in the odd-parity sector. These conditions apply in a neighbourhood of the event horizon.
An immediate virtue of the Killing gauge is that it preserves the coordinate description of the event horizon, which continues, even in the perturbed spacetime, to be described by r = 2M and θ A = α A . In the terminology of Poisson and Vlasov [15] , the Killing gauge is a horizon-locking gauge. This can be seen at once from Eqs. (3.31)-(3.33) , which imply that
whenever h vv = j v = h v = 0 at r = 2M . We remark that while the light-cone gauge adopted by Poisson and Vlasov also has the property of being a horizon-locking gauge, the Killing gauge adopted here is quite distinct from the light-cone gauge.
Near-horizon analysis
To calculate the horizon quantities we must integrate the perturbation equations in a neighbourhood of the event horizon; these are listed in Secs. IV B and V B of Ref. [19] . In the even-parity sector this can be accomplished by inserting the
2 + · · · within the perturbation equations, and solving order-by-order in r − 2M . Such an analysis reveals that j 0 (v) is unconstrained by the field equations, that K 0 (v) = 0 and G 0 (v) = 2µ −1 dj 0 /dv, and that K 1 (v) and G 1 (v) must satisfy the differential equations
and
where κ 0 := (4M ) −1 is the surface gravity of the unperturbed horizon. The fact that the differential operator acting on K 1 and G 1 is d/dv + κ 0 , instead of d/dv − κ 0 as in Eq. (3.25), implies that one should not look for teleological solutions to these equations: the presence of e κ0v instead of e −κ0v within the integrals would prevent them from converging if the integrations were unbounded. We work instead with the most general solutions
in which the initial values K 1 (v 0 ) and G 1 (v 0 ) are not determined by the requirements that K 1 (v → ∞) → 0 and G 1 (v → ∞) → 0. (We explore these issues further in Appendix A below.) We do not need expressions for h 0 (v), h 1 (v), j 1 (v) (nor other coefficients in the expansions), and the master function can be shown to be given by
In the odd-parity sector we substitute the expansions −1 dh r0 /dv, and that h 21 (v) satisfies the differential equation
The general solution is 12) and the master function can be shown to be given by Ψ odd = −(µκ 0 ) −1 dh r0 /dv at r = 2M .
Horizon quantities
With the results obtained in the preceding subsection, we find that the horizon quantities defined in Secs. 3.3 and 3.4 are given by
14)
17)
, and j 0 (v 0 ). We recall that λ := ( + 1) = µ + 2 and µ := ( − 1)( + 2) = λ − 2.
The results display a pleasing symmetry (up to signs, which are inherited from the definitions of the master functions) between the even-parity and odd-parity sectors. In the case of the intrinsic-geometry quantities γ even and γ odd , the symmetry is gauge invariant; in the case of the extrinsic-geometry quantities ω even and ω odd , K even and K odd , the symmetry is a property of the Killing gauge adopted here (it is not, in particular, a property of the light-cone gauge [15] ). Another remarkable property of the Killing gauge is the fact that k = 0, so that the surface gravity of the perturbed black hole is κ = κ 0 = (4M ) −1 . The expressions for K trace and K even given previously were simplified relative to the more primitive expressions obtained in terms of j 0 . These, however, involved the combination
which could readily be expressed in terms of Ψ even = (µκ 0 ) −1 dj 0 /dv. A very similar simplification was achieved in the case of K odd . The gauge-invariant quantities defined by Eqs. (3.72)-(3.75) are easily shown to be given by
23)
24)
Intrinsic geometry and tidal displacement
The results obtained in the preceding subsection imply that the induced metric on the event horizon simplifies to
in the case of a tidally deformed black hole. From Eqs. (3.40) and (3.41) we also get
The fact that the expansion vanishes to leading order in perturbation theory can be derived directly from Raychaudhuri's equation: The reduction of Eq. (2.29) to vacuum and to first-order perturbation theory is ∂ v Θ = κ 0 Θ, and this implies (with an appropriate choice of final condition) that Θ must vanish. The reduction of Eq. (2.30) gives an expression for the Weyl tensor evaluated on the event horizon:
. This equation can be integrated to relate the shear tensor to the Weyl tensor; the appropriate teleological solution is . If the Weyl tensor is identified with the tidal field acting on the black hole, and if the shear tensor is adopted as a measure of tidal deformation, then we have the statement that the tide leads the applied field by a time interval of order 4M . This observation was already made by Fang and Lovelace [13] in a more restricted context (and by Hartle [27] in the case of a rotating black hole), and we find here that it holds in all generality as a consequence of the teleological nature of the event horizon. We remark that in the case of a Newtonian body made up of a viscous fluid, the tide would be lagging instead of leading (when the body is nonrotating), and that the time interval would be proportional to Rν/M , with R denoting the body's averaged radius, ν its kinematic viscosity, and M its mass.
Another meaningful measure of tidal deformation comes from the Ricci curvature scalar associated with the metric of Eqs. (4.27) and (4.28) . This is given by Eq. (3.45) with γ trace = 0 and γ even = 2κ 0 Ψ even (v, 2M ):
It is helpful to convert this into a dimensionless tidal displacement field ρ(v, α A ) by identifying R with the curvature of a two-dimensional surface embedded in a flat, three-dimensional space. We describe this surface in spherical coordinates (r, α A ) by the parametric equation
, and demand that its curvature be equal to R. We thus obtain 2M
, and the identification , we take the independent components of δγ AB to be
36)
The independent components σ +,× and C +,× of the shear and Weyl tensors are defined in a similar manner. These quantities are closely analogous to the gravitational-wave polarizations h +,× that can be defined in the wave zone of an asymptotically-flat spacetime.
Applications

Slowly-varying quadrupolar tidal field
As an application of the general formalism developed here we revisit the situation examined by Poisson and Vlasov [15] , that of a black hole deformed by a slowlyvarying tidal field. To simplify the discussion we neglect the nonlinear terms included in Ref. [15] , and we specialize the tidal field to a pure quadrupolar form.
As described in Sec. II of Ref. [15] , the black hole's tidal environment is described by the tidal moments E jk (v) and B jk (v). These quantities are symmetric-tracefree (STF) Cartesian tensors that represent the components of the spacetime Weyl tensor evaluated far away from the black hole; latin indices j and k (and so on) run over the values 1, 2, and 3. The tidal moments give rise to the tidal potentials
and 5) where the label "q" stands for "quadrupolar," Ω j := [sin α cos β, sin α sin β, cos α] is a Cartesian unit vector constructed from the generator labels α A = (α, β), P jk := δ jk − Ω j Ω k is a projection operator to the subspace transverse to Ω j , and jkn is the Cartesian permutation symbol. The vector potentials E As shown in Sec. II of Ref. [15] , these angular potentials can be expressed as expansions in spherical harmonics of degree = 2. We have
The sums are carried out from m = −2 to m = 2, the coefficients E m and B m are related to E jk and B jk and depend on v only; the spherical harmonics are functions of α A . These expansions reveal that E jk (v) gives rise to a perturbation of even parity, while B jk (v) gives rise to a perturbation of odd parity.
Solutions to the perturbation equations corresponding to a black hole deformed by a quadrupolar tidal field were constructed by Poisson and Vlasov [15] . The construction assumes that the tidal moments vary slowly, in the sense that the timescale τ associated with these variations (denoted R in Ref. [15] ) is very long compared with the black-hole mass. The solutions were provided in the light-cone gauge, but it is easy from these results to obtain the gauge-invariant master functions. The relations, in fact, are the same as in the Killing gauge adopted in Sec. Orbit of a parabolic encounter between a small body of mass m and a black hole of mass M . The orbit's semi-latus rectum is p = 8.1M and its eccentricity is e = 1. The particle begins from rest at infinity, reaches a radial turning point at r = 4.05M , and returns to rest at infinity. The orbit is displayed in a x-y plane constructed in the usual way from the Schwarzschild coordinates r and φ, so that x = r cos φ and y = r sin φ. The coordinates are rescaled by a factor of 2M to make them dimensionless; in these units the unperturbed horizon (shown in black) is described by a circle of unit radius. The orbital motion is calibrated so that φ = 0 when r = 4.05M .
Gauge-invariant combinations of these quantities were identified, and in particular we have that
is invariant under infinitesimal reparameterizations; because it originates fromω even andω even , this expression is accurate up to the fourth derivative of the tidal moments.
Parabolic encounter
As a second application of the formalism we consider a parabolic encounter between a particle of mass m and a black hole of mass M . We take m to be much smaller than M , and we take the motion of the particle to be a geodesic in the Schwarzschild spacetime. We give the orbit a semi-latus rectum p = 8.1M and an eccentricity e = 1; the parameterization is such that the radial turning points are situated at r min = p/(1 + e) = 4.05M and r max = p/(1 − e) = ∞. The orbit has a Killing energy E = m and a Killing angular momentum L 4.0003mM . The particle begins from rest at infinity, moves inward, circles approximately twice around the black hole, moves outward, and returns to rest at infinity; the shape of the orbit is displayed in Fig. 1 . Because the turning point is so close to the black hole, the motion is highly relativistic when the particle revolves around the black hole, and the tidal interaction is highly dynamical. We calculate the gravitational perturbations created by the orbiting particle by integrating the Zerilli and Regge-Wheeler equations for the master functions Ψ even and Ψ odd . This must be accomplished numerically, and we rely on the time-domain, finite-difference code written by Karl Martel; the details of the code are described in Refs. [28, 29] . Martel's original code had to be modified to account for a different Fig. 2 we plot the polarization γ + associated with the horizon's intrinsic geometry, as defined by Eq. (4.36); this is shown as a function of advanced-time v at azimuthal position β = 0 on the orbital plane α = π 2 ; for this orientation we have that γ × = 0. The calculation involves a summation over all multipoles up to (and including) = 4; multipoles with ≥ 5 give contributions that are too small to be visible in the plot. Most of the signal is produced when the particle revolves around the black hole, and the plot reveals the rich harmonic structure that a parabolic encounter imprints on the tidal deformation of an event horizon.
In Fig. 3 we plot the polarizations σ + = Finally, in Fig. 4 we display the shape of the tidal bulge at a selected value of v in relation to the position of the orbiting body. The tidal bulge is described geometrically in terms of the tidal displacement field ρ(v, α A ) defined by Eq. (4.34), and the body's position is evaluated on the past light cone v = constant so as to yield a meaningful comparison. Here also we find that the horizon tide (as measured by the displacement field) leads the source of the tide (as measured by the orbital position on the light cone). . The figure shows, in the same x-y plane as in Fig. 1 , the surface r = 2M of the unperturbed horizon (in thin black) as well as the surface r = 2M [1 + (M/m)ρ] (in thick red), which grossly exaggerates the horizon deformation by a factor of M/m to make it visible. The figure also shows (red disk) the position of the orbiting body at this value of advanced time v; we have r/(2M ) 2.0273 and φ 0.6005, leading to the Cartesian positions x/(2M )
1.6726 and y/(2M ) 1.1455. The tidal bulge and orbiting body are intersected by the same light cone v = constant, and here also we see the tidal bulge leading the source of the tidal field.
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Appendix A. Late-time behaviour of horizon quantities Some of the horizon quantities (such as γ even , γ odd , ω even , and ω odd ) can be expressed purely in terms of the current value of the master functions, while others (such as K trace , K even , and K odd ) involve integrals of the master functions. We wish to verify that all horizon quantities properly vanish at v = ∞, assuming that Ψ even (v, 2M ) and Ψ odd (v, 2M ) decay at least as fast as an inverse power law in v; this is the late-time behaviour expected of radiative tails that linger on after the external processes that produce the perturbation have shut down.
The general structure of the integrals is and for our purposes here we assume that the source function F (v) varies over a timescale τ that is very long compared with κ −1 0 = 4M . In the case of an inversepower falloff, for example, we assume that v 0 is sufficiently large that F (v ) ∝ (v ) −p within the integral, with p > 0. ThenḞ ∝ (v ) −p−1 and the timescale τ can be identified with F/Ḟ ∝ v ; this is indeed much larger than 4M for the specified domain of integration. In these circumstances we can evaluate the integral and express it as an asymptotic series in powers of (κ 0 τ ) At large v the first set of terms decay exponentially, and x(v) is dominated by the second set of terms. A good approximation is then x(v) −κ −1 0 F (v), and x is seen to decay at the same rate as F (v). This shows that our integrals are indeed well-behaved in the limit v → ∞, and that the horizon quantities decay at the same rate as the master functions.
